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Abstract --- In an electric bicycle, two strategies are taken up 

to stabilize the running motion of a bicycle. One is the control 

of its center of gravity (CG), and the other is the control of its 

steering angle of handle. In general, the control of the CG is 

used a pendulum. In addition, the motion of a bicycle often 

possesses a lean angle with respect to vertical direction. In 

this situation, the proposed system contains three outputs: 

steering angle, lean angle, and pendulum angle, these will 

affect the dynamic balance of an electrical bicycle. The 

proposed control generating the handle torque and pendulum 

toque is called variable structure under-actuated control 

(VSUAC). The motivation of using the VSUAC is that the 

system uncertainties of a bicycle are often huge due to 

different ground conditions and a gust of wind. Merely use an 

ordinary proportional-derivative-integral (PID) control or 

other linear controls often can not have good robust 

performance. Finally, the compared simulations for the 

electrical bicycle among ordinary PID control, modified 

proportional-derivative control (MPDC), and VSUAC 

confirm the usefulness of our proposed control. 

Index Terms: Electrical bicycle, Dynamic balance, Variable 

structure under-actuated control, Modified 

proportional-derivative control, Lyapunov stability.  

 

I. Introduction 

 There are many papers on the stabilization control of the 

two-wheeled vehicle. In 1971, Sharp [1] analyzed the 

stability of two-wheeled vehicle about straight running by 

using the model of four degree-of-freedom. It indicated that 

the steering angle, the side slip of bicycle body, the angle of 

bicycle body, and the lean angle affect the stability of 

two-wheeled vehicle under the straight running. In addition, 

the features of two-wheeled vehicle body and tire were 

investigated by this model. A paper discussed by Grasser and 

D’Arrigo [2] proposed a novel type of two-wheeled vehicle 

which run by the shift of driver’s weight. Two papers 

developed by Tanaka and Murakami [3], Niki and Murakami 

[4] had realized the stable running of bicycle by controlling 

the steering angle of handle. Recently, the stability of the 

bicycle at low speed is investigated by Iuchi et al. [5]. In the 

motion of bicycle, the center of gravity (CG) and the steering 

angle of handle are important to realize a stable running 

motion. Both these signals are elegantly finished by human 

on a bicycle and therefore the stable bicycle motion is 

achieved. This paper proposes an autonomous balance using 

the CG and the steering angle of handle to realize a 

human-like operation in an electric bicycle. Furthermore, it 

can expand to autonomous balance of the bicycle with 

variable speed.  

In an electric bicycle, two strategies are taken up to 

stabilize the running motion of an electrical bicycle. One is 

the control of its center of gravity (CG), and the other is the 

control of its steering angle of handle. In general, a pendulum 

is used for the control of the CG. In addition, the bicycle 

often possesses a lean angle with respect to vertical direction. 

In this situation, the electrical bicycle has two control inputs: 

the control of the handle and the control of the pendulum. On 

the other hand, the proposed system contains three outputs: 

steering angle, lean angle, and pendulum angle, affecting the 

dynamical balance of electrical bicycle. However, the paper 

by Ichui et al. [5] merely uses a linearized model of an 

electrical bicycle to design a linear controller. Astrom et al. [6] 

also discuss the dynamics and control of bicycles via a 

linearized approach. These control methodologies only force 

the operating point into the vicinity of the desired posture or 

merely drive the operating point near desired attitude to the 

target. In this situation, an autonomous dynamic balance is 

difficult to obtain as the electrical bicycle is encountered with 

huge uncertainties, e.g., different ground conditions, external 

disturbances in the air.  

A nonlinear control for an underactuated acrobot is 

constructed by Berkemeier and Fearing [7]. For the trajectory 

of 1 Hz, no tracking error for their controller occurs as 

compared with the tracking error of o13 for the 

pseudolinearizing controller. It reveals that the response of 

nonlinear dynamic system via a nonlinear controller is often 

much better than that via a linear controller. It is also known 

that variable structure control (VSC) uses discontinuous 

control action to drive state trajectories toward a specific 

hyper-plane in the state space, and to maintain the state 

trajectories sliding on the specific hyper-plane until the origin 

of the state space is reached [8-12]. This peculiar system 

feature is claimed to result in an excellent system 

performance including insensitivity to parameter variations 

and rejection of disturbances. Although this control 

methodology probably results in a chattering control input, 

many methods have been developed to reduce the possibility 

of chattering control input, e.g., forward control to attenuate 

the uncertainties [9], time-varying boundary layer [10], 

sliding sector [12]. As the authors realize, no paper has 

discussed the VSC with the number of output larger than that 

of control input. This is the so-called variable structure 

under-actuated control (VSUAC). The motivation of using 

the VSUAC for the electrical bicycle is that its uncertainties 

are often huge due to different ground conditions (e.g., wet 

ground, muddy ground, concrete ground, different tires) and a 

gust of wind outside of house. Merely use an ordinary 

proportional- derivative-integral (PID) control or other linear 

controls often can not have good robust performance.  

  

II. Modeling and Problem Formulation 

A. Modeling of electrical bicycle 
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In the beginning, the control mechanism of an electrical 

bicycle is depicted in Fig. 1. The corresponding parameters 

are given and described in Table 1. First, the following 

states: ),()(
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12

ttx φ= ),()(
23

ttx φ= ),()(
4

ttx θ&= ),()(
15

ttx φ&=  

and ),()(
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ttx φ&= are defined. Then the corresponding 

dynamic equation in state-space form is achieved as follows: 
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Or, the corresponding matrix form is written as follows: 
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tttu )()()( ττ= 2ℜ∈  represents 

the control input. It is assumed that the nominal system, 

i.e., ),( and )( xBxa  is known. 

B. Problem formulation 

Because the motion of an electrical bicycle is often in 

different operating conditions (e.g., concrete ground, muddy 

ground, wet ground, and a gust of wind), the dynamics of an 

electrical bicycle is nonlinear and time variant. Hence, it is 

assumed that the controlled system is in face of the nonlinear 

time-varying uncertainties ),( txa∆ and ).,( txB∆ The control 

objective of this paper is to design the control 

input ),(tu which is based on the nominal system )(xa  and 

),(xB such that the outputs ),()(
1

ttx θ= )()(
12

ttx φ= and 

)()(
23

ttx φ=  exponentially converge into a bounded set of 

zero so that the dynamic balance of the electrical bicycle is 

obtained (c.f. Fig. 2).  

 

III. Controller Design 
 Because the proposed control is an under-actuated 

control system, the following two switching surfaces are first 

defined.  
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to obtain two stable switching surfaces ),( and  )(
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tsts and 

the reference inputs )( and )(
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trtr are assigned as follows: 
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2211

<>
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kkkk  i.e., they are the same sign 

to obtain two stable reference inputs ).( and  )(
31

trtr  The 

reason to design the reference signals of (5) and (6) is the 

uncontrolled state )(
2

tx and )(
5

tx should be simultaneously 

included into the two control modes (i.e., )(),(
31

txtx or 

)(),(
64

txtx ) so that they are indirectly manipulated by the 

controllable states.  

Based on the (5), (6) and (2), 
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where )( ),(
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trtr && and ),(
1

tr&∆ 3r&∆  represent the nominal and 

uncertain values of ),( and )(
31

trtr && respectively. That is,  
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and the remaining signals from (7) and (8) denote 

).( and )( 31 trtr && ∆∆  Then the derivatives of two switching 

surfaces (3) and (4) are described as follows: 
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where ),(
1

tx∆Ω and ),(
2

tx∆Ω are uncertain signals 

described as follows: 

[ ] )( )(),(),()(),( 111414111 trdtutxbtxatrdtx pv
&&& ∆∆∆∆∆Ω +−−= (13) 

[ ] ).()(),(),()(),( 322626322 trdtutxbtxatrdtx pv
&&& ∆∆∆∆∆Ω +−−= (14) 

 The proposed VSUAC contains an equivalent control (15), 

i.e., ),( and )(
21

tutu
eqeq

to deal with a nominal system, and a 

switching control (16), i.e., ),( and )(
21

tutu
swsw

 to cope with 

the uncertainties.  
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η  are the switching gains, ,0,
21

≥εε are the 

boundary layer, and
21

,λλ denote the upper bound of the 

uncertain control gains and satisfy the following inequalities:  

 ( ) ttxxbdtxbd vv ),(  ,1)(),( 1411411 ∀<≤ λ∆          (17a) 
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Using (11), (12) and (15), the derivative of the switching 

surface is then described as follows: 

( )[ ] ),()(),()()( 114114111 txtutxbdxbdts swvv Ω∆∆ ′++−=&  (18a) 
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and their upper bounds are estimated as follows: 
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where ,0 and ),( ),(
2  121

>µµxhxh and theses are all known. 

Then the following theorem discussing the control of the 

electrical bicycle using the VSUAC is given.  

Theorem 1: Consider the electrical bicycle (2) and the 

VSUAC (15) and (16) with ,02 ,
2111

>> δηη ,)(
1112

µη +> xh  

and .)(
2222

µη +> xh Together with the conditions (17) and 

(20), )(  and )(),(),(
2121

tututsts  are ultimately uniformly 

bounded (UUB) and the tracking performance is achieved as 

follows: 
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Proof: See Appendix A. 

 

Remark 1: The assumptions of Theorem 1 are explained as 

follows: (1) Conditions (17a) and (17b) denote the 

uncertainty of control gain as compared with its nominal 

value. It indicates that this uncertainty must be smaller than 

the corresponding nominal value. (ii)Conditions (20) 

denoting the upper bound of the uncertainty must be known. 

Its upper bound is connected with system performance. From 

(21)-(25), the larger )(
1

xh or ,or  )(or   221 µµ xh the 

larger )(or  )( 21 tsts . 

 

IV. Simulations and Discussions 

 Consider the electrical bicycle (2) as shown in Table 1. 

The corresponding sinusoidal responses for some 

representative amplitudes and frequencies are shown in the 

Fig. 3, which indicates that the dynamics of electrical bicycle 

is highly nonlinear and unstable [1-7]. The ordinary PID 

control can not stabilize the electrical bicycle. For brevity, 

those are omitted. However, it can be stabilized by the 

following modified proportional- derivative control (MPDC) 

(see e.g., [5]):  

 ( ) ( ))()()()()(
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( ) ( ))()()()()(
3326322
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where )(),(),(
311

trtrtr & and )(
3

tr& are respectively obtained from 

(5),(6), (9) and (10) with these parameters  
,10,0.1 11 == pv kk .17 and 5.0 22 == pv kk  In this paper, the 

reference input of the lean angle and velocity and the 

reference inputs of the nominal  steering acceleration and 

pendulum acceleration are set zero, i.e., ,0)(
2

=tr  

,0)(
2

=tr& ,0)(
1

=tr&& and .0)(
3

=tr&& The uncertainty for the 

system (2) with the multiplication form (i.e., 
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The following simulations use the numerical algorithm of 

fourth-order Runge-Kutta with time step 0.01 second. For 

example, the acceptable response of the electrical bicycle in 

the presence of the uncertainty (27) by the MPDC 

with ,58.61 =vd ,5.311 =pd 7.2
2

=
v

d and 5.10
2

=
p

d is 

presented in Fig. 4. The responses of other suitable 

parameters are similar with Fig. 4. For simplicity, those are 

omitted. For comparison between the MPDC and the 

proposed VSUAC, the coefficients of two switching surfaces 

are the same as the parameters of the MPDC. The control 

parameters of the VSUAC are set as follows: 

,5.1,20 1211 == ηη ,6,12 2221 == ηη ,1.021 ==εε and .5.0
21
==λλ  

The response for the electrical bicycle in the presence of the 

uncertainty (27) by the VSUAC is shown in Fig. 5. It 

indicates that the performance of the MPDC (i.e., Fig.4) is 

improved by the proposed VSUAC. For the consideration of 

practical situations (e.g., a gust of wind is blown to the 

bicycle), the following simulation with the uncertainty (27) 

and pulse disturbance is investigated. It is assumed that a gust 

of wind during the period 4.0~4.1 second brings about the 

extra effect of the lean angle o5 between 4 and 4.1 second. 

The corresponding result by the VSUAC is shown in Fig. 6. 

For comparison with the result of the MPDC, its 

corresponding response is then presented in Fig. 7. From 

these two figures, we know the resistance of the pulse 

disturbance by the VSUAC is superior to that of the MPDC. 

From practical viewpoint, the following simulation with the 

saturation ,)(,)(
max

τττ <tt
penhan

where ,15max Nm=τ  is shown in 

Fig. 8. From Fig.8, we know that the saturation of the control 

input does not necessarily result in a worse performance. As 

one knows, the bicycle can be manipulated in a variable 

speed. Hence, the corresponding result is examined by the Fig. 

9 for ./)2.0sin(33)( smttV π+= It reveals that the proposed 

control can deal with a variable speed with 0.1 Hz from 0 to 

6 .sm The response by the proposed control is acceptable (cf. 

Fig. 9(a)); however, the corresponding result by the MPDC is 

unstable (cf. Fig. 9(b)). Finally, an implementation of the 

electrical bicycle is applied by an embedded control system, 

e.g., TMS320F2812 from TI Co. Is the control cycle time can 

be larger than the 10ms of the above setting? Based on this 

requirement, the corresponding results of Fig. 5 using the 

control cycle time 100 and 50ms are investigated. The 

response using the control cycle time 100ms is unstable for 

the original setting. The response using the control cycle time 

50ms becomes sluggish. For simplicity, these are omitted. 

Based on the above-mentioned investigations, the important 

observations are depicted as follows: (i) The dynamics of an 

electrical bicycle is nonlinear, complex, time-variant, and 

unstable. (ii)The VSUAC can improve the performances of 

the MPDC and ordinary PID control.(iii) Not too large 

saturated control input for the VSUAC does not necessarily 

result in a worse performance. (iv)The control cycle time of 

the electrical bicycle must be small enough. In our case, the 

control cycle time larger than 100ms will result in an inability. 

(v) The resistance of the pulse disturbance (e.g., a gust of 

wind) by the VSUAC is much better than that of the MPDC. 

(vi)The proposed VSUAC can be applied to the bicycle 

having variable speed with 0.1 Hz from 0 to 6 .sm However, 

it can not be stabilized by the MPDC. 

 

V. Concluding Remarks 

The proposed VSUAC is designed based on the original 

nonlinear dynamic equation. In this situation, the motion of 

an electrical bicycle is not limited to the neighborhood of 

equilibrium point. In short, the operating region of electrical 

bicycle by the proposed control is larger as compared with a 

linear controller. For example, the proposed controller is 

applicable to a variable speed motion of an electrical bicycle 

without causing instability. On the contrary, it can not be 

stabilized by a linear controller (see Fig. 9). The parameters 

of the proposed control are not critical to choose. However, 

suitable selection of control parameters can obtain an 

excellent performance. The stability of the closed-loop 

system is also verified by Lyapunov stability theory. The 

system performances, including the tracking performance for 

nonlinear time-varying uncertainty, the pulse disturbance for 

simulating the wind effect, the variable speed motion of 

bicycle, the saturated control input due to the limitation of 

signal, are improved as compared with ordinary PID control 

and the MPDC. Our future work is to implement this study. 
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Appendixes 

Appendix A (The proof of Theorem 1): 

For simplicity, the arguments of variable are omitted. 

Define the following Lyapunov function:  
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and (16) 
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(b) Top view.           (c) Rear view. 

Fig. 1. Control mechanism of an electrical bicycle, where 

21  and  , φφθ denote the steering, lean, and pendulum angles, 

respectively; penhan ττ  and  represent the handling and 

pendulum torques, respectively. 

 

 
Fig. 2. Control block diagram of the overall system. 
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Fig. 3. The sinusoidal responses of the electrical bicycle. 
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(b)Control inputs ).( and )( tt penhan ττ  

Fig. 4. The responses of the electrical bicycle with 

uncertainty (27) by the MPDC. 
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Fig. 5. The responses of the electrical bicycle with 

uncertainty (27) by the VSUAC. 
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(b) Control inputs ).( and )( tt penhan ττ  

Fig. 6. The responses of Fig. 5 in the face of the pulse 

disturbance of the lean angle during 4 ~4.1 second. 
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(b) Control inputs ).( and )( tt penhan ττ  

Fig. 7. The responses of Fig. 4 in the face of the pulse 

disturbance at lean angle during 4 ~4.1 second. 
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(b) Control inputs ).( and )( tt penhan ττ  

Fig. 8. The responses of Fig. 6 with saturated control input. 
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(a) VSUAC. 
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(b)MPDC. 

Fig. 9. The output responses of the electrical bicycle with 

variable speed ) 2.0sin(33)( ttV π+= in the presence of the 

uncertainty (27) by the VSUAC and MPDC. 

 

Table 1. Parameters of electrical bicycle. 

Parameters Description Values 

b
M  Mass of electrical bicycle 52 kg  

m  Mass of front wheel part 10 kg  

p
M  Mass of inverted pendulum 2 kg  

L  Wheel base 1.13 m  

1
L  CG position from rear wheel 0.324 m  

2
L  CG position from front wheel 0.806 m  

h  Height of CG 0.855 m  

1
l  Height of the axis of pendulum 1 m  

2
l  Length of pendulum 0.51 m  

r  Radius of wheel 0.35 m  

V  Velocity of bicycle  3.0 sm  

f  Offset 0.06 m  

r
t  Trail 0.05 m  

h
l  Inertial of front wheel about 

handle axis 
0.35 2kgm  

w
I  Inertial of wheel 0.18 m  

µ  Coefficient of conflict 0.1 

1
J  Inertial of CG about x axis 10 2kgm  

2
J  Inertial of inverted pendulum 0.0463 2kgm  

t
C  Coefficient of camber thrust 66 radN  
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